We analyze some relevant semiclassical and quantum features of the implementation of Polymer Quantum Mechanics to the phenomenology of the flat isotropic Universe.
I. INTRODUCTION
Modern Quantum Gravity approaches are mainly based on the use of Ashtekar-Barbero-Immirzi variables [1, 2] , which constitute the starting point for the construction of Loop Quantum Gravity theory [3, 4] . The main success obtained by this reformulation of the quantum gravitational field morphology is, on a phenomenological point of view, the derivation of a Big Bounce Cosmology [5, 6] . In fact, despite the minisuperspace model associated to homogeneous cosmological Universes [7] prevents a full implementation of the SU (2) symmetry, at the ground of the discretization of the geometrical operators (areas and volumes) [8, 9] , a notion of cut-off on the Universe volume and then a maximum critical density for the Planck era is recovered with a suitable procedure, recovering the general theory prescription and formalisms.
Actually, the regularization procedure of the minisuperspace dynamics allows the construction of semiclassical equations for the Universe evolution, which turns out to be closely related to the metric approach in the polymer representation of canonical quantization [10] . In particular, in [11] , the cubed scale factor, i.e. the Universe volume, has been identified as the natural variable in which the correspondence between the two semiclassical theories (i.e. semiclassical loop Cosmology and semiclassical polymer dynamics) are better linked to each other. In fact, for such a choice, the polymer parameter (the discretization step of the cubed scale factor) turns out to be directly linked to the Immirzi parameter. The peculiarity of such a configurational variable choice relies on the possibility to define a critical density depending on fundamental constants only, exactly like in Loop Quantum Cosmology. For a discussion on the use of the cubed scale factor in more general cosmological models, like the generic inhomogeneous solution, see [12] and on the different phenomenological issue in the Mixmaster chaos of Bianchi IX, see [13] .
In this paper, using the Polymer Quantum Mechanics framework, we study the phenomenology of the flat Robertson-Walker geometry, by adopting the cubed scale factor as configurational variable.
In particular, we consider three different questions: one of conceptual relevance about the meaning of Polymer Quantum Mechanics on a perturbative level, and two phenomenological implications concerning the vacuum energy of a massless scalar field (i.e. the value of the Cosmological Constant as vacuum energy) and the propagation of gravitational waves through the Big Bounce.
Firstly, we study the semiclassical polymer dynamics on a perturbative limit, when the cut-off parameter is small enough and the modified Hamiltonian formulation can be restated as a standard Hamiltonian constraint associated to modified Poisson brackets. This analysis puts the semiclassical polymer dynamics on the same level of the so-called Generalized Uncertainty Principle [14] , with the non-trivial difference of a sign in the right-hand side of the brackets [15] . The polymer and Generalized Uncertainty Principle reformulations can then be seen as the phenomenological low energy limit of, respectively, Loop Quantum Cosmology [16] and String Theory [14, [17] [18] [19] , implemented as a modified simplectic structure.
We study the behaviour of the flat isotropic Friedmann-Robertson-Walker Universe (dominated by radiation and stiff matter respectively) for both the two cases mentioned above, demonstrating that, while in the polymer approach the singularity is still removed as in the exact (non-perturbative) case, the Generalized Uncertainty Principle dynamics is still associated with a Big-Bang, i.e. the cosmological singularity survives. Furthermore, analyzing the structure of the Friedmann equation in these same cases, we show that they coincide respectively with those of exact polymer semiclassical mechanics (i.e. semiclassical Loop Quantum Cosmology) and Brane Cosmology approach, when the Universe density is sufficiently small with respect to the critical one.
Hence, we restrict our attention to the exact polymer quantum physics only and, as a first step, we study the vacuum energy of a massless scalar field living on the flat isotropic Universe. Despite a complete scheme of second quantization of the field is forbidden because it is no longer possible to define suitable creation and annihilation operators, we demonstrate that, due to polymer regularization, the vacuum energy no longer diverges. This result provides a non-zero Cosmological Constant to the Universe dynamics, whose value is however dependent on the value of the discretization parameter. A discussion of the possible fine-tuning required to deal with a 'dark energy candidate' is developed, but, for a Planckian discretization step, the resulting values of three dimensionless parameter of the model are still very peculiar. This investigation on the vacuum state of a free massless scalar field has an important conceptual value, since it demonstrates that a Cosmological Constant rigorously emerges in the Polymer Quantum Mechanics framework. However, we do not identify a mechanism for the reduction of the Cosmological Constant value to the actual one. A qualitative implementation of the upper limits for a Polymer cut-off on the physical space [20] provides a vacuum energy density many orders of magnitude greater than the one requested by the Universe acceleration. We can only stress that the calculated ground state of the scalar field Hamiltonian function is not a state for the quantum dynamics of the system and, therefore, we dynamically have to deal with a time dependent expectation value on the vacuum state of the scalar field.
The analysis of the gravitational wave propagation on a Bounce Cosmology offers a new point of view on the possibility to observe pre-Big Bounce features. In fact, the presence of the Bounce regularizes the wave amplitude which no longer diverges as in the Big-Bang model. Thus, it is, in principle, possible that gravitational waves produced in the collapsing Universe remain in linear regime across the Bounce and they could be today detected. In particular, we study the polymer deformation of the wave spectrum and consider the propagation of peaked wave packets, i.e. burst signals. It is interesting to notice that, in the limit of wavelengths of the ripples that are large in respect to the cut-off parameter, the standard properties [21] are recovered. In other words, the gravitational wave morphology is sensitive to the discretization parameter, although it lives in the configurational space and not in the physical one. The point is that the discretization of the scale factor of the Universe is clearly reflected on the nature of any physical spatial scale, including the physical wavelength.
The paper is structured as follows. In Section II we present the standard FRW cosmological model in its hamiltonian formulation, using as configurational variable the volume V = a 3 . In Section III we introduce the polymer representation of Quantum Mechanics in the momentum polarization; moreover we present a way to treat both quantum and semiclassical states in the polymer framework. In Section IV we analyze the FRW Universe in the polymer framework, firstly with an 'exact' approach, and secondly in a perturbative approach, confronting the latter with the Generalized Uncertainty Principle approach. In Section V we recall the theory of the quantum harmonic oscillator in polymer representation and then we evaluate the vacuum energy density for a massless scalar free field in a flat FRW background in the polymer framework. In Section VI we discuss how, in terms of the semiclassical formulation of Polymer Quantum Mechanics, the introduction of a cut-off regularizes the amplitude of gravitational waves propagating through a flat FRW Universe. We also study the spectrum of such waves and the time evolution of a Gaussian wave packet and we compare it to the classical case. Finally, in Section VII we sum up the main result of the paper with concluding remarks.
II. STANDARD COSMOLOGY
The Standard Cosmological Model (SCM) relies on the Friedmann-Robertson-Walker (FRW) isotropic and homogeneous expanding Universe. This model is based on the Cosmological Principle (i.e. at large scales the Universe is isotropic and homogeneous, as confirmed by the CMB spectrum), on the perfect fluid approximation of the matter-energy content and on General Relativity, and its geometry is described by the Robertson-Walker metric:
where a(t) is the scale factor through which the whole expansion history of the Universe is parametrized. Our study will be focused on the flat Universe, so from here on we will use K = 0. Besides, we will use natural units = c = 1.
A. Cosmological dynamics
The evolution of the Universe is described by cosmological equations, which are derived by using the metric (1) in the Einstein equations, together with the energy-momentum tensor of the perfect fluid T PF µν = diag(ρ, −P, −P, −P ). The 00−component of Einstein equations results in the first Friedmann equation:
that describes the relative velocity of the expansion as function of the matter-energy density of the Universe.
Here χ = 8πG is the Einstein constant.
The jj−components are all equivalent and, combined with eq. (2), reduce to the second Friedmann equation, also known as acceleration equation:
that describes the relative acceleration of expansion. Finally, combining these two Friedmann equations, the continuity equation is obtained:
It can be solved by using a polytropic constant equation of state P = ωρ, where ω is a parameter that can take values in the interval ω ≤ 1 (greater values would result in a superluminal sound velocity and are therefore non physical). The solution is ρ(a) = ρ 0 a −3(1+ω) and it holds even with the semiclassical modifications that we will apply in the following chapters [11] .
These three equations completely describe the dynamics of the Universe. Actually, since any one of the three can be derived from the other two, only two of them are strictly necessary. Usually in literature the first Friedmann and the continuity equations are chosen.
The content of the Universe The matter-energy density ρ that appears in the first Friedmann equation (2) receives contributions from different kinds of cosmological fluids, each characterized by its own value of the polytropic parameter ω:
where the subscript i indicates the type of fluid: we have ω sm = 1 for stiff matter, ω r = 1 3 for radiation, ω m = 0 for baryonic matter, and ω Λ = −1 for the Cosmological Constant (note that this is also the minimal physical value, because smaller values predict weird phenomena). However, since each contribution makes the others negligible for certain values of a(t), the thermal history of the Universe is usually divided into different 'domination' eras during which only the relevant fluid is considered. For example, near the singularity only stiff matter and radiation are relevant, while observations lead us to believe that today's Universe is going through a Cosmological Constant era. This case of negative pressure is rather interesting, and will now be expanded upon.
B. The Cosmological Constant Problem
The acceleration equation has been written in (3) . From this equation, one can deduce that the Universe decelerates during its expansion if ρ + 3P > 0, while it accelerates if ρ + 3P < 0.
The first condition seems to be always satisfied by ordinary fluids. Yet, in 1998, two independent groups, led by Riess [22] and Perlmutter [23] , showed that the Universe is actually accelerating during its expansion.
The discovery may lead to two different conclusions:
• it might be wrong to use General Relativity because the dynamics is modified [24] ;
• there could be a component of the Universe with a unusual equation of state, such as:
which is currently dominating the Universe dynamics [25] .
Without considering corrections to General Relativity, one can justify the measured acceleration of the Universe by adding a Cosmological Constant Λ in the Einstein field equations:
If one shifts this new term to the right-hand side as proposed by Weinberg in [25] , it is interpreted as a physical phenomenon and not as a bare property of space-time. The field equations become then:
where ρ Λ = Λ χ is the energy density related to the Cosmological Constant, and it is such that:
and from the continuity equation (4) we obtain:
and thus ρ Λ is a constant energy density. Before the first evidence of acceleration of the Universe, the strong observational upper bound, i.e. Λ < 10 −120 , led many particle physicists to suspect some fundamental principle to exist, in order to have Λ = 0, as discussed in [26] . Such a principle does not exist and the attempt to set the Cosmological Constant to zero has failed.
Many tried to explain the presence of a constant energy density as the result of the vacuum state of the quantum fields that fill the Universe. This approach leads for the scalar field to:
where k max is the momentum cut-off, i.e. the energy scale at which the theory is believed to lose its validity. It can be estimated as the Planck energy, being widely believed that Planck length is the scale at which both gravitational and quantum effects need to be simultaneously taken into account. With this assumption, ρ Λ is 10 122 times bigger than the energy density related to the Cosmological Constant measured today: "This is probably the worst theoretical prediction in the history of physics!" (from [27] ).
C. Hamiltonian formulation and the volume variable
We will now restate the dynamics of the FRW Universe in the framework of the Hamiltonian formulation of gravity, using a new variable V = a 3 that we will refer to as 'volume'. The reason for this choice, as we will see in the next sections, is that this is the only variable with which the polymer parameter and the critical density are independent on the scale factor [11] .
The ADM line element in the homogeneous and isotropic model becomes [7] :
Due to this, in the presence of an energy density ρ = ρ(a) and substituting the RW metric directly in the EinsteinHilbert action, the following Hamiltonian constraint is obtained:
where
χN aȧ is the momentum conjugate to a. By performing a canonical transformation, we rewrite the Hamiltonian constraint as function of the volume variable and its momentum conjugate P V :
with B = 3χ 4π 2 . The independent cosmological equations are now derived from the Hamilton equationV =
The former is exactly the same as equation (2), while the latter coincides with the continuity equation (4) under the identification − ∂(ρV ) ∂V = P and will have solution ρ(V ) = ρ 0 V −(1+ω) . Substituting the density as a function of V in the Hamiltonian constraint, the system is analytically solvable and the evolution of the volume in time is given by:
Explicitating all the constants and using Planck units ρ P = t −4 P , τ = t t P with t P = √ G, we can rewrite our equations as dimensionless:
The plots are shown in following sections (Figs. 1 and 2).
III. POLYMER QUANTUM MECHANICS
Polymer representation is an alternative representation of Quantum Mechanics, non-unitarily connected to the standard Schrdinger representation. The introduction of a fundamental area in Loop Quantum Gravity (LQG) leads to a bounce, i.e. a minimum of the scale factor, removing the singularity (see [28] [29] [30] ). In analogy to LQG, polymer representation introduces a fundamental scale in the Hilbert space. When applied to Cosmology, it leads to the appearance of a bounce for the volume of the Universe.
Following [10] , we now introduce the polymer representation of Quantum Mechanics.
Given the orthonormal basis |µ i for the Hilbert space H , where µ i ∈ R, i = 1, ..., N and such that µ i | µ j = δ i,j , the Hilbert space H poly for the polymer representation is built by the completion of H . In such a space we can define two fundamental operators:
respectively label and shift operators.ŝ(λ) is a family of parameter-dependent unitary operators. Yet, they are discontinuous and, therefore, they cannot be generated by the exponentiation of a self-adjoint operator.
Let us now consider a Hamiltonian system with canonical variables q and p. In the momentum polarization, a state |ψ has wave function ψ(p) = p | ψ , and then, for the fundamental states, we have:
Defining the multiplication operatorV (λ) by:
we see thatV (λ) is the shift operator in H poly and it is clear that the momentum operatorp cannot exist as the generator of translations. On the other hand, as regards the coordinate operatorq, it can be defined as the following differential operator:
and it is the label operator in H poly . It is possible to prove that the Hilbert space of the wave functions in such a polarization is given by H poly = L 2 (R B , dµ H ), where R B is the Bohr compactification of the real axis and dµ H is the Haar measure.
If one wants so study the coordinate polarization, in which ψ(q) = q | ψ , it is possible to see that the fundamental wave functions are Kroenecker deltas. In this case it is the translation operator to be discontinuous which again implies the non-existence of the momentum operator and it can be proved that the Hilbert space is
where R d is the real axis with discrete topology and dµ c is the counting measure.
Given the impossibility of well defining bothq and p, the dynamics cannot be directly implemented. For this reason, we have to approximate the momentum operator by defining a regular graph γ µ0 = {q ∈ R : q = nµ 0 with n ∈ Z}, where µ 0 is the fundamental scale introduced by the polymer representation. Consequently, defining µ n = nµ 0 , we consider the subspace H γµ 0 ⊂ H poly which contains all those states |ψ such that:
where n |b n | 2 < ∞. Now the translation operator acts only by discrete steps in order to remain on γ µ0 :
When the condition p 1 µ0 is satisfied, we can write:
and in return we can approximate the action of the momentum operator by that ofV (µ 0 ):
As regards the squared momentum operator, we can choose two different approximations:
so that:
which are equivalent through a reparametrization of the polymer scale. Now, we can implement a Hamiltonian operator on the graph:
whereV (q) is the potential. If one wants to quantize a system using the momentum polarization of the polymer representation, one has to approximate the momentum operator using eq. (28b) or eq. (29b), while the coordinate operator is a derivative operator, given by:q
Alternatively, one can work with semiclassical states, i.e. states peaked in their classical value, by operating the following substitution on the classical hamiltonian:
IV. SEMICLASSICAL POLYMER EVOLUTION OF THE UNIVERSE
We will now apply some features of Polymer Quantum Mechanics to the Hamiltonian formulation of the Standard Cosmological Model. In the spirit of the Ehrenfest theorem [11] , this will be done at a semiclassical level, meaning that we will not develop a full quantum theory but will apply quantum modifications to the classical evolution.
A. Exact approach
The first modification, called exact substitution, consists in using the approximation of p 2 as a squared sine (32b) in the FRW Hamiltonian, and deriving the dynamics through the standard Hamilton equations. This has already been done in [11] , and therefore we will only report the main results. The Hamiltonian function becomes:
Through the Hamilton equations, we find the modified first Friedmann equation and the volume evolution:
First of all, by taking the classical limit µ 0 → 0 and therefore ρ µ → ∞, the standard equations (14) and (16) are recovered. This can be better visualized by rewriting these equations in their dimensionless form, with the same procedure used for the classical case:
It's clear how, since H 2 can now be zero for a finite value of the density ρ = ρ µ , the evolution of the volume as function of time will have a critical point, and already from equation (35) we see a non zero minimum for the volume. This is shown in Figs. 1 and 2 , where the polymer-modified evolution is compared to the classical one: we see that, while for low energies (i.e. great volumes and times) the latter is recovered, for high energies the change is substantial in that H 2 goes to zero for a finite value of the density and of the volume, and the volume itself reaches a non zero minimum and starts to increase again. So, this deformation, already at a semiclassical level, results in a Big Bounce scenario and effectively solves the singularity. The minimal volume is easily calculated to be V 0 = ρ0 ρµ 1 1+ω , which
In equation (37) we put Q µ = 1, which is equivalent to asking that V 0 = 1; this automatically fixes the value of the (dimensionless) polymer parameter to µ 0 = 3 2π 3 ≈ 0.22, which corresponds to a polymer lattice parameter of L poly = 3 √ µ 0 P ≈ 0.60 P . Of course this is just an estimate, and it depends on the definition of Planck density, but being of the order of the Plank length it is well within the expectations.
The sign of the Cosmological Constant Looking at eq. (34), it is possible to have a negative Cosmological Constant.
It is interesting to consider a Universe filled with some kind of energy density ρ s associated to a source, and a 
The condition:
Study of the sign of the Cosmological Constant on (ρ Λ ; ρ s ) plane. The regions in the plotting are the ones that satisfy condition (40).
has to be always satisfied. It implies:
Condition (41) is verified in two cases:
While (42b) has no intersection on (ρ Λ ; ρ s ) plane, (42a) identifies three different regions where condition (40) is satisfied, as shown in Fig. 3 .
In region A, i.e. (ρ Λ ≤ 0) ∧ (−ρ Λ ≤ ρ s ≤ −ρ Λ + ρ µ ), the energy density related to the Cosmological Constant is negative but is balanced by matter density; in region
, the matter density is negative and then this region is not of physical interest.
In conclusion, we have found a region where it is possible to have a negative value for the Cosmological Constant.
B. Perturbative approach
Polymer features can be implemented in the cosmological model also through another approach. If we consider the Schrödinger commutation relation [q, p] = i of standard Quantum Mechanics and use the polymer approximation (26), we obtain a cosine that can be expanded in a power series:
At a semiclassical level this modified commutation rule becomes a rule for Poisson brackets. The polymermodified evolution can then be derived from the standard unmodified Hamiltonian constraint (13) through the scheme {V,
. This scheme is made to look similar to the so-called Generalized Uncertainty Principle (GUP). This approach states that by modifying the canonical commutation relations (CCR) of standard Quantum Mechanics, it is possible to obtain the Generalized Uncertainty Principle that was derived in the low energy limit of String Theory [14] :
where λ is the GUP parameter. This principle implies a fundamental minimum uncertainty on position ∆q 0 = √ λ, and therefore through the simple modification of the CCR it is possible to implement string features in Quantum Mechanics without going too deep in String Theory, and to reproduce a low energy limit of Brane Cosmology [17] [18] [19] . Notice how the GUP modification of the CCR, under the identification λ ↔ 2 , coincides with the polymer deformation of Poisson brackets apart from a sign. During this section we will study the 'perturbative' polymer approach and present in parallel the results that would be obtained with a GUP approach, i.e. by deriving the dynamics thorough the modified commutation relation used as a modified rule for Poisson brackets.
The first Friedmann equation in the perturbative polymer approach takes the form:
The equivalent equation in the GUP framework is
Notice how the different sign completely changes the dynamics: now H 2 doesn't become zero for a finite value of the density, and therefore in this model a Bounce is not possible. Thus, we conclude that the GUP semiclassical deformation doesn't solve the singularity. Figure 4 shows the comparison between the two approaches, with the equations rewritten in dimensionless form:
, where the subscript i indicates both µ and λ and in the last equation we put Q i = 1. Now, equation (46) is slightly different from the exact polymer substitution case, in that H 2 goes to zero for ρ = 2ρ µ instead of ρ = ρ µ . However the last factor is squared, and if we expand it we obtain:
We see that the exact equation (34) is recovered in the limit ρ ρ µ ; already here we can say that this approach is a low energy limit of the exact one.
The dimensionless form of the new first Friedmann equation is
where in the latter we put Q µ = 1 andρ = ρ P as before.
In Fig. 5 we see the comparison between these behaviours and the ones coming from the exact approach. We can see how for low energies they coincide exactly, while for high energies, where the Q 2 term becomes relevant and is not negligible anymore, they are slightly different. In particular, the values of maximal density and minimal volume are different, as mentioned before.
Solving the evolution leads to the following implicit expression for the volume variable as function of time:
B . This is rewritten as dimensionless, plotted and compared with its counterpart from the exact approach.
with A for the volume as function of time is obtained:
with C 1 = 2π λρ0 B and C 0 = 4π 3 3 λ. Fig. 7 compares the evolution in the two approaches. As we can see, in the GUP framework the volume V still goes to zero and the singularity is still present. In conclusion, we can confirm that while the polymer deformation solves the singularity by introducing a Big Bounce, the GUP deformation does not. Besides, we can conclude that our perturbative approach is the lowenergy approximation of the polymer exact approach, i.e. it is to Loop Quantum Cosmology what the Generalized Uncertainty Principle is to Brane Cosmology.
V. VACUUM ENERGY DENSITY OF THE SCALAR FIELD IN POLYMER REPRESENTATION
In this section we study the vacuum state of the scalar field in Polymer Quantum Mechanics. We derive the energy spectrum of the harmonic oscillator in polymer representation, in order to evaluate the vacuum energy density of the massless scalar field in a flat FRW Universe.
A. Energy spectrum of the harmonic oscillator in polymer representation of Quantum Mechanics
The Hamiltonian function of the harmonic oscillator H =p
2q2 , due to the substitutions (31) and (28a), leads to the polymer HamiltonianĤ µ :
A state of energy E, in momentum polarization, is described by the wave function ψ(p). Thus, the following Schrdinger equation, in polymer representation, can be studied:Ĥ
Through an opportune reparametrization of the polymer scale µ and the following variable change:
eq. (54) turns into:
where we have defined:
that is a dimensionless parameter that measures the intensity of polymer corrections. Equation (57) is the Mathieu equation that leads to the following even and odd solutions: 
and
where A n and B n are the Mathieu characteristic value functions, ce n and se n are, respectively, the elliptic cosine and sine of order n.
In Fig. 8 , the plotting of E ω vs. g for the fundamental state and some of the first excited states of polymer quantum harmonic oscillator is shown.
The energy spectrum is degenerate both in the range of small polymer corrections (small g) and of big polymer corrections (big g). The fundamental state is the only one with an energy that does not diverge for g → ∞.
As discussed in [31] , ψ 2n (u) are π-periodic for even n and π-antiperiodic for odd n, while ψ 2n+1 (u) are π-antiperiodic for even n and π-periodic for odd n, as shown in Fig. 8 .
The polymer representation should reproduce the standard Schrdinger quantization in the limit µ → 0. In light of this consideration, it is easy to show that eqs. (59b) and (60b) tend to the energy spectrum of the standard harmonic oscillator. Using the asymptotic expansion from [31] , in the limit of small polymer corrections, i.e. for g → 0, we get:
In the opposite limit, i.e. for g → ∞, that is the limit of big polymer correction to standard quantization, it can be shown that:
which is the only value of n for which the energy eigenvalue does not diverge. Also in polymer representation, the fundamental state is the one with n = 0. Yet, n has no physical interpretation, due to the impossibility to define annihilation and creation operators in polymer representation.
As regards the fundamental state, it is possible to show that eq. (59a) reproduces correctly the standard fundamental state, in the case of n = 0 and µ → 0. In [32] and [33] , asymptotic expansions of periodic solutions of the Mathieu equation have been studied. Using those expressions, one has:
being α = 2q
where H m is the Hermite polynomial and q is a parameter that appears in the standard formulation of Mathieu equation.
It can be easily shown that, in the limit g → 0:
that is exactly the fundamental state of a standard harmonic oscillator in momentum representation.
B. Evaluation of the vacuum energy density
Aim of this section is to study the scalar field in the background of an isotropic and homogeneous expanding flat Universe. In particular, we are interested in the evaluation of the energy density for the fundamental state of the field, i.e. the vacuum energy density.
Given the metric (1), the action of the theory is:
The metric tensor can be split as follows:
where q ab is the spatial metric, and, then,
We can write the lagrangian of the field as follows:
and, consequently, the conjugate momentum density is:
and due to the lagrangian (68) and the momentum (69), we can derive the Hamiltonian function and density, the latter of which defined as H ≡ Πφ − L φ :
It is convenient to change coordinates:
and then the line element (1) becomes:
After this change, the Fourier decomposition of the fieldφ and the momentumΠ is analogous to the one developed in the Minkowski background, as in [34] . One reduces the Universe in a fiducial box of finite volumē V = d 3x and then:
wherex is the 3-vector (x,ȳ,z),k is the Fourier mode in the new coordinates and it isk = k a(t) , being k the comoving frequency. Moreover, φ k and π k have been chosen as real functions and they have the dimension, respectively, of length 1/2 and length −1/2 . It is easy to define the δ functions:
Using these definitions in the Hamiltonian (70a), we can rewrite it as a composition of independent harmonic oscillators:
a 2 is the norm of the 3-vectork. We would like to express this result in the old coordinates (t, x, y, z). In order to do so, the understanding of how the Fourier componentsφk andπk are related to the comoving components φ k and π k is needed.
When x →x = ax, the transformation for the field and the momentum is:
because the field is scalar while the momentum is actually a scalar density.
Imposing (76) in (73), we obtain a relation for the Fourier components of the field and its momentum for the transformation x →x = ax:
In terms of the old coordinates, we get:
where, as already discussed, the 3-vector k is comoving and the cosmological expansion related time dependence is in the a(t) terms. This result has been found in [35] and [36] . Due to the presence of the scale factor a(t), the Hamiltonian is time dependent. In Quantum Mechanics, a physical state described by the wave function ψ is a solution of the Schrdinger equation:
If the Hamiltonian is time dependent, its eigenstates do not satisfy (79), hence they are not physical states. Nevertheless, in this work, the words 'eigenstate', 'eigenvalue' and 'fundamental state' will be used in relation to the time dependent Hamiltonian.
The polymer quantization of the single Fourier mode is now implemented through the substitutions (31) and (28a):
where the factor a 3/2 has been included in order to havê V (µ) transforming as a scalar during the expansion of the Universe.
It is essential to say that the physical results that we obtain here are closely linked to eq. (80b). This choice of π k in polymer representation is not unique and it has been inspired by [36, 37] . This new ambiguity deserves attention and further investigation.
The polymer Hamiltonian operator becomes:
We solve the following equation, in order to evaluate the eigenvalues and eigenstates of the operator (81):
Solutions of such an equation are given by the results of the previous section, once we define:
we obtain:
The fundamental state is then:
The vacuum state |0 is defined as:
and we define the energy density of the vacuum as:
By means of eq. (86b), the energy density of the vacuum becomes:
where, for convenience, the sum is expressed in terms of k. It is important to remember that there is a factor a −1
in the definition (83b) of g, and then g is thought as a function ofk. Using the prescription
3k to develop the continuum limit and switching to the variable k, the energy density of the vacuum can be evaluated over all space:
(90a) Being the quantization of the single modes independent from one another, there is no a priori reason to ask for the polymer scale to be the same for each mode. From now on, we will consider a mode-dependent polymer scale µ(k), which needs to satisfy the following condition:
in order to correctly reproduce the standard propagator of the scalar field, as shown in [34] . The dependence of the energy of the fundamental state for the single mode is all in the magnitude k and not in the direction or versus of the vector k. Thus, it seems reasonable to choose µ(k) ≡ µ(k). We choose the following polymer scale:
where P is the Planck length and α is a dimensionless constant. This choice is the simplest polymer scale that makes the integral above converge. It satisfies the condition (90b) and it has the correct dimension of length 1/2 . Defining the adimensional parameter q = α 2/5 P ka
and noticing that the dependence from the frequency is all in k and then
∞ 0 k 2 dk, the energy density of the vacuum is in the end calculated:
where I M is the adimensional integral defined by:
(92)
In the general definition (88), ρ Λ is clearly a function of time. In fact, not only the Hamiltonian is explicitly time dependent, but the energy density has to be evaluated in the fiducial box of volumeV = a 3 V 0 , being V 0 the comoving box. The volume of the box is a function of time due to the expansion of the Universe. These two different contributions do cancel in the evaluation of the energy density (91), which is a constant. This energy density does behave as an actual Cosmological Constant. Moreover, one can observe that the polymer scale (90c) is Planckian if α = O(1). In [20] , an upper bound on polymer scale is discussed. Moreover, the polymer quantization is here implemented on the single Fourier mode and the coordinate variable is the Fourier component φ k of the scalar field: there is no a priori direct link between the polymer scale and a length scale in the physical space. If the polymer scale in the configuration space and lengths in the physical space were related, and if we asked α to make ρ Λ 10 −120 , i.e. the measured Cosmological Constant, the polymer scale would not be small, but comparable to the Hubble horizon. We would then observe macroscopical polymer corrections we clearly do not measure in the Universe we live in. The Cosmological Constant problem is then not solved by an opportune choice for the parameter α.
C. Cosmological dynamics with polymer scalar field
Despite the time dependence of the Hamiltonian, it is worth studying what happens when we consider the vacuum energy density evaluated above inside the equations for the cosmological dynamics.
A modified Friedmann equation (34) has been found. An effective energy density ρ eff has been introduced by the presence of the damping factor 1 − ρ ρµ , due to the polymer corrections to the semiclassical cosmological dynamics. We now express the polymer scale µ 0 as:
where β is an adimensional constant, P is the Planck length and µ 0 has the dimension of the inverse of P V . Then, in the hypothesis that the energy density ρ Λ of the scalar field is the dominant component of the Universe, we explicitly evaluate the damping term that appears in the corrected Friedmann equation, by means of eq. (91) and (34):
and one should ask this damping term to be 10 −120 in order to solve the Cosmological Constant problem that has been presented. Despite this could be a mechanism for the reduction of the Cosmological Constant value, there is no physical reason for such a fine-tuning for the parameter α, which is related to the polymer scale µ of the scalar field, and β, which is related to the polymer scale µ 0 of the metric. In conclusion, the Cosmological Constant problem is not automatically solved, even considering polymer corrections to the cosmological dynamics.
VI. PROPAGATION OF GRAVITATIONAL WAVES ON A FLAT SEMICLASSICAL POLYMER FRW BACKGROUND
In this section we investigate the propagation of gravitational waves when the cosmological background is described by a semiclassical polymer dynamics. We firstly recall the standard behaviour of cosmological gravitational waves and then study the effects induced by a modified Friedmann equation.
A. Gravitational waves on a classical flat FRW background
In order to study the propagation of gravitational waves on a classical FRW background with null curvature [21] , we use perturbation theory by taking into account the following perturbed metric:
whereḡ µν is the metric tensor corrisponding to the line element (1) for the flat FRW Universe on a synchronous reference frame. We then write Einstein equations as:
so that the equation of propagation for gravitational waves is found by writing the first order linearized equations that will be indicated with the following notation:
At this point, a suitable infinitesimal transformation of coordinates can be chosen in order to have h 0i = h 00 = 0. It is then necessary to write the linearized Christoffel symbols, Γ 
It is then possible to write the linearized Ricci tensor δR µν whose non zero components are:
We consider a perfect fluid whose energy-momentum tensor on a synchronous reference frame is given by T µν = diag(ρ, −P, −P, −P ) and we can perturb the physical quantities:
Recalling that the normalization of the four-velocity has to be maintained, it is found that δu 0 = 0 for a synchronous reference frame where u µ = (1, 0) is always a solution of the geodesic equation and the components of the linearized energy-momentum tensor will be:
We are now ready to write the first order Einstein equations which read:
The above equations take into account three types of modes: scalar, vector and tensor modes. With another infinitesimal coordinate transformation, we impose the TT gauge that is obtained by the conditions h kk = 0 and h ij,j = 0, where repeated indices have to be summed over. In this gauge only the tensor modes, in which we are interested, appear and we obtain the following equation of propagation for the gravitational waves:
Using the acceleration (3) and Friedmann (2) equations for the flat FRW, the equations above can be rewritten as follows [21] :
which can be again written for a monochromatic wave with wave number k:
Since the physical wave has to satisfy the condition:
i.e. the condition of smallness compared to the background which becomes:
for a synchronous reference frame, it is found that the physical wave is the rescaled one,h ij = hij a 2 , for which the propagation equation reads as:
The solution, displayed for the radiation dominated Universe (a(t) ∝ √ t) in fig. 9 , appears as a damped oscillator with a divergence toward the singularity. This shows that, just as any other physical quantity, even the amplitude of gravitational waves diverges toward the BigBang, in particular as the amplitude grows larger than one, perturbation theory can no longer be valid and the model is non-predictive. As shown previously in section IV A, the modification of the FRW metric by the semiclassical Polymer theory causes the singularity to be removed so that a Bounce, i.e. a minimum for the scale factor, appears. It is then expected that, just as any other physical quantity, also the amplitude of the gravitational waves in such a background will be regularized. To see this, it is first necessary to write the equation of propagation in terms of the volume V for the monochromatic wave:
and then in terms of the non dimensional quantities τ =
and γ is the polytropic constant:
Next we write the equation for the radiation dominated universe, but this time using the Polymer modified Friedmann equation (34):
Where the equation with the minus sign concerns the expanding Universe while the equation with the plus sign concerns the collapsing Universe. With appropriate initial conditions, eq. (122) can be solved numerically and the two branches can be joined. The results that will be described are those of the rescaled perturbation, h ij = hij V 2/3 , for it represents the physical wave. It is seen in Fig. 11 that both branches are damped oscillators that grow toward the time of the Bounce where, as expected, the amplitude takes a finite value as shown in Fig. 12 . Clearly, this could mean that gravitational waves can propagate from the collapsing Universe to the expanding one through the Bounce and measures of gravitational waves that come from events happened before the Bounce could be made possible. This theoretically implies that we could get information about the Universe before the time of the Bounce. This is not possible by means of electromagnetic measures.
It also needs to be specified that the described model holds only when perturbation theory holds, i.e. when the amplitude of the gravitational wave in question remains smaller than one; if this condition is not satisfied, Einstein equations must be solved exactly. Nonetheless, the model remains valid for all those perturbations that are born close enough to the Bounce, that they wouldn't have time to grow in amplitude and exit the range of validity of perturbation theory.
We can also study how varying the parameters q and Q µ changes the appearance of the solution.
Keeping in mind that eq. (122) looks like a damped oscillator with non constant coefficients, it is clear that the period of such oscillations will depend on the inverse of the wave number, in a way that the greater is q the denser the oscillation will be, as shown in Fig. 14. On the other hand, changing the parameter Q µ corresponds to changing the Polymer scale µ 0 and in the limit Q µ → ∞ the classical limit is recovered. For this reason, we expect that by increasing the value of Q µ the solution reaches greater values around the Bounce so that it can recover the divergence in the true classical limit.
C. Spectral dependence and Gaussian wave packet
We can now study the dependence on the non dimensional wave number, q = kt P , of the amplitude at a fixed time, i.e. the spectral dependence of the amplitude. The latter corresponds, once again, to a damped oscillator, both for negative and positive wave numbers, that grows as q → 0. This is the case also for the classical solution with which we can compare the polymer one. As we go close to the Bounce, like in Fig. 16 , the classical and polymer cases differ in amplitude around small q and become very similar for large q. By remembering that the choice Q µ = 1 implies the Polymer scale to be 3 . Here, it has been chosen the parameter Q µ = 10 5 and it can be seen that the solution grows larger near the Bounce compared to the solution with smaller Q µ .
the above results suggest that polymer effects are visible mostly for those wave lengths that are of the order or greater than the polymer scale itself. Furthermore, by looking at Fig. 17 , it is clear that at times far away from the Bounce the polymer and classical waves tend to be similar even at small q and we find a classical limit for large times, as we expected. It is then useful to look at the time evolution of a Gaussian wave packet during the history of the Universe. For this reason, we can consider a Gaussian wave packet on the domain of wave numbers and, by doing the one dimensional Fourier Transform, it is possible to find the evolution of the packet in the domain of position. Such a Fourier Transform is given by: whereh ij (q, τ ) is the solution of the wave equation and g(q) is the Normal distribution:
with standard deviation σ and mean valueq. The results are computed numerically and displayed below in Fig. 18 for three different times: τ = 2, 1000, 9000. Such results show that a Gaussian wave packet in the domain of the comoving wave numbers corresponds to a Gaussian packet in the domain of position and it doesn't spread throughout the history of the Universe although it does lower in amplitude. Furthermore, since the shape ofh ij (q, τ ) is symmetric for the collapsing and expanding Universes, also the appearance of the wave packet will be symmetric.
In Fig. 19 a classical wave packet is shown and it can be noted that the evolution looks very similar to the polymer case, but, as expected, the amplitudes will evolve differently. 
VII. CONCLUDING REMARKS
In this paper, we have developed a detailed analysis of phenomenological effects concerning the flat isotropic Universe as described in a semiclassical polymer representation.
We start by studying the perturbative case of a polymer generalized Hamiltonian dynamics, as restated via modified Poisson brackets. This paradigm allows a parallelism with the so-called Generalized Uncertainty Principle formulation, associated, like the polymer procedure, to a minimal cut-off scale, but being thought of as the low-energy limit of String or Brane Theory. We show that the parallelism is directly reflected into a different structure of the Friedmann equation: the different signs of the two approaches correspond to two different signs in the term modifying the matter source. While the perturbative polymer is associated to a non-singular Cosmology (exactly as the full polymer scenario and the semiclassical Loop Quantum Cosmology), the Generalized Uncertainty Principle still predicts a Big Bang Cosmology (for a discussion on quantum level see [38] ), just like the Brane Cosmology Friedmann equation. Clearly, the modified Poisson brackets approach gives a matter source that is obtained from the exact one (semiclassical Loop Quantum Cosmology and Brane Cosmology), when the ratio between the Universe energy density and its critical value is expanded up to first order.
This analysis suggests that, as far as we remain well below the cut-off energy density, we can use the modified Poisson brackets approach, leaving free choice on the two signs, and then qualitatively describe String and Loop Cosmology, respectively.
Then, we face the subtle question about the possibility to regularize the vacuum energy density of a free massless scalar field by a polymer regularization of its second quantization.
Actually, we arrive to a finite value of the vacuum energy density of the scalar field in second quantization, although a generalization of the creation and annihilation operators is not possible. The main merit of this analysis consists in the constant character of the vacuum energy density which lives on a flat isotropic Universe, whose dynamics is seen in the semiclassical polymer representation. In other words, we demonstrate the emergence of a Cosmological Constant from the regularized vacuum energy of the scalar field. Clearly, if the discretization parameter in the adopted configurational variable, i.e. the Universe volume, is taken of the order of the Planck scale, the obtained Cosmological Constant is still of the cut-off order and it is unable to account for the present value of the Cosmological Constant, presumably accelerating the present day Universe. Yet, a discussion about the fine-tuning of the model parameters which provides the right value of the present Universe acceleration is also discussed. However, we raise the question about the nonstationary character of such a vacuum energy density, as a consequence of the fact that the corresponding Hamil-tonian function is time dependent and therefore its eigenstates are not physical states. Actually, the observed vacuum energy of the Universe is determined by the projection of a generic physical state on the vacuum state here discussed. This problem could be numerically addressed only once all the excited states have been regularized, according to the polymer procedure, facing a non-trivial mathematical problem. Hence, a numerical analysis with different initial conditions can be performed to clarify the real phenomenology of the mean value associated to this Cosmological Constant.
Finally, we investigate the question concerning the behaviour of gravitational waves living on the semiclassical polymer flat isotropic Universe. We analyze the deformation of the wave amplitude and spectrum and we demonstrate that the presence of a Bounce prevents the divergence of the wave amplitude, which is typical of the Big Bang Cosmology.
In principle, we could observe gravitational waves emitted before the Bounce during the collapsing process of the Universe. In fact, sufficiently small space time ripples, produced during the pre-Big Bounce phase (for instance by galaxy crunches), could reach the turning point of minimal volume, still in the linear regime, and then they could, in principle (i.e. if not thermalized), reach our Earth and current and future detectors. This possibility opens an intriguing perspective on the chance to search for information of the pre-Big Bounce Universe, currently propagating in our expanding branch. Altogether, the results discussed in this manuscript show how the presence of the Bounce, due to a cut-off physics, can alter our investigation and interpretation of the present Universe. The presence of a non-singular turning point of minimal volume in the past of our Universe does not correspond simply to a cut-off on a diverging energy density, making the theory of the Big Bounce physical, but it also gives a completely new point of view on the present cosmological phenomenology.
